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Abstract Complex fuzzy sets and complex intuitionistic 
fuzzy sets cannot handle imprecise, indeterminate, incon- 
sistent, and incomplete information of periodic nature. To 
overcome this difficulty, we introduce complex neutro- 
sophic set. A complex neutrosophic set is a neutrosophic 
set whose complex-valued truth membership function, 
complex-valued indeterminacy membership function, and 
complex-valued falsehood membership functions are the 
combination of real-valued truth amplitude term in asso- 
ciation with phase term, real-valued indeterminate ampli- 
tude term with phase term, and real-valued false amplitude 
term with phase term, respectively. Complex neutrosophic 
set 1s an extension of the neutrosophic set. Further set 
theoretic operations such as complement, union, intersec- 
tion, complex neutrosophic product, Cartesian product, 
distance measure, and ó-equalities of complex neutro- 
sophic sets are studied here. A possible application of 
complex neutrosophic set is presented in this paper. 
Drawbacks and failure of the current methods are shown, 
and we also give a comparison of complex neutrosophic set 
to all such methods in this paper. We also showed in this 
paper the dominancy of complex neutrosophic set to all 
current methods through the graph. 
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1 Introduction 


Fuzzy sets were first proposed by Zadeh in the seminal 
paper [38]. This novel concept is used successfully in 
modeling uncertainty in many fields of real life. A fuzzy set 
is characterized by a membership function u with the range 
[0,1]. Fuzzy sets and their applications have been exten- 
sively studied in different aspects from the last few decades 
such as control [19, 38], reasoning [44], pattern recognition 
[19, 44], and computer vision [44]. Fuzzy sets become an 
important area for the research in medical diagnosis [29], 
engineering [19], etc. A large amount of the literature on 
fuzzy sets can be found in [8, 9, 15, 21, 30, 40—43]. In fuzzy 
set, the membership degree of an element is single value 
between O and 1. Therefore, it may not always be true that 
the non-membership degree of an element in a fuzzy set is 
equal to 1 minus the membership degree because there is 
some degree of hesitation. Thus, Atanassov [2] introduced 
intuitionistic fuzzy sets in 1986 which incorporate the 
hesitation degree called hesitation margin. The hesitation 
margin is defining as 1 minus the sum of membership and 
non-membership. Therefore, the intuitionistic fuzzy set is 
characterized by a membership function and non-mem- 
bership function v with range [0,1]. An intuitionistic fuzzy 
set is the generalization of fuzzy set. Intuitionistic fuzzy sets 
can successfully be applied in many fields such as medical 
diagnosis [29], modeling theories [11], pattern recognition 
[31], and decision making [17]. 

Ramot et al. [23] proposed an innovative concept to the 
extension of fuzzy sets by initiating the complex fuzzy sets 
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where the degree of membership u is traded by a complex- 
valued of the form 


r;(x) . glos). j —/—] 


where rs(x) and qws(x) are both belongs to [0,1] and 
r,(x) . e/?5*9 has the range in complex unit disk. Complex 
fuzzy set is completely a different approach from the fuzzy 
complex number discussed by Buckley [4—7], Nguyen et al. 
[21], and Zhang et al. [41]. The complex-valued mem- 
bership function of the complex fuzzy set has an amplitude 
term with the combination of a phase term which gives 
wavelike characteristics to it. Depending on the phase term 
gives a constructive or destructive interference. Thus, 
complex fuzzy set is different from conventional fuzzy set 
[38], fuzzy complex set [23], type 2 fuzzy set [19], etc. due 
to the character of wavelike. The complex fuzzy set [23] 
still preserves the characterization of uncertain information 
through the amplitude term having value in the range of 
[0,1] with the addition of a phase term. Ramot et al. [23, 
24] discussed several properties of complex fuzzy sets such 
as complement, union, and intersection. with sufficient 
amount of illustrative examples. Some more theory on 
complex fuzzy sets can be seen in [10, 35]. Ramot et al. 
[24] also introduced the concept of complex fuzzy logic 
which is a novel framework for logical reasoning. The 
complex fuzzy logic is a generalization of fuzzy logic, 
based on complex fuzzy set. In complex fuzzy logic [24], 
the inference rules are constructed and fired in such way 
that they are closely resembled to traditional fuzzy logic. 
Complex fuzzy logic [24] is constructed to hold the 
advantages of fuzzy logic while enjoying the features of 
complex numbers and complex fuzzy sets. Complex fuzzy 
logic is not only a linear extension to the conventional 
fuzzy logic but rather a natural extension to those problems 
that are very difficult or impossible to describe with one- 
dimensional grades of membership. Complex fuzzy sets 
have found their place in signal processing [23], physics 
[23], stock marketing [23] etc. 

The concept of complex intuitionistic fuzzy set in short 
CIFS is introduced by Alkouri and Saleh in [1]. The 
complex intuitionistic fuzzy set is an extension of complex 
fuzzy set by adding complex-valued non-membership 
grade to the definition of complex fuzzy set. The complex 
intuitionistic fuzzy sets are used to handle the information 
of uncertainty and periodicity simultaneously. The com- 
plex-valued membership and non-membership function can 
be used to represent uncertainty in many corporal quanti- 
ties such as wave function in quantum mechanics, impe- 
dance in electrical engineering, complex amplitude, and 
decision-making problems. The novel concept of phase 
term is extend in the case of complex intuitionistic fuzzy 
set which appears in several prominent concepts such as 
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distance measure, Cartesian products, relations, projec- 
tions, and cylindric extensions. The complex fuzzy set has 
only one extra phase term, while complex intuitionistic 
fuzzy set has two additional phase terms. Several properties 
of complex intuitionistic fuzzy sets have been studied such 
as complement, union, intersection, T-norm, and S-norm. 

Smarandache [28] in 1998 introduced Neutrosophy that 
studies the origin, nature, and scope of neutralities and their 
interactions with distinct ideational spectra. A neutrosophic 
set is characterized by a truth membership function T, an 
indeterminacy membership function / and a falsehood 
membership function F. Neutrosophic set is powerful 
mathematical framework which generalizes the concept of 
classical sets, fuzzy sets [38], intuitionistic fuzzy sets [2], 
interval valued fuzzy sets [30], paraconsistent sets [28], 
dialetheist sets [28], paradoxist sets [28], and tautological 
sets [28]. Neutrosophic sets handle the indeterminate and 
inconsistent information that exists commonly in our daily 
life. Recently neutrosophic sets have been studied by 
several researchers around the world. Wang et al. [33] 
studied single-valued neutrosophic sets in order to use 
them in scientific and engineering fields that give an 
additional possibility to represent uncertainty, incomplete, 
imprecise, and inconsistent data. Hanafy et al. [13, 14] 
studied the correlation coefficient of neutrosophic set. Ye 
[35] studied the correlation coefficient of single-valued 
neutrosophic sets. Broumi and Smaradache presented the 
correlation coefficient of interval neutrosophic set in [3]. 
Salama et al. [26] studied neutrosophic sets and neutro- 
sophic topological spaces. Some more literature on neu- 
trosophic sets can be found in [12-14, 18, 20, 25, 27, 32, 
34, 36, 37, 40]. 

Pappis [22] studied the notion of “proximity measure,” 
with an attempt to show that “precise membership values 
should normally be of no practical significance.” Pappis 
observed that the max—min compositional rule of inference 
is preserved with respect to “approximately equal” fuzzy 
sets. An important generalization of the work of Pappis 
proposed by Hong and Hwang [15] which is mainly based 
that the max—min compositional rule of inference is pre- 
served with respect to “approximately equal fuzzy sets” 
and *approximately equal" fuzzy relation. But, Cai noticed 
that both the Pappis and Hong and Hwang approaches were 
confined to fixed se. Therefore, Cai [8, 9] takes a different 
approach and introduced ó-equalities of fuzzy sets. Cai 
proposed that if two fuzzy sets are equal to an extent of ô, 
then they are said to be 0-equal. The notions of 0-equality 
are significance in both the fuzzy statistics and fuzzy rea- 
soning. Cai [8, 9] applied them for assessing the robustness 
of fuzzy reasoning as well as in synthesis of real-time fuzzy 
systems. Cai also gave several reliability examples of ô- 
equalities [8, 9]. Zhang et al. [39] studied the 0-equalities 
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of complex fuzzy set by following the philosophy of Ramot 
et al. [23, 24] and Cai [8, 9]. They mainly focus on the 
results of Cai’s work [8, 9] to introduce 0-equalities of 
complex fuzz sets, and thus, they systematically develop 
distance measure, equality and similarity of complex fuzzy 
sets. Zhang et al. [39] then applied ó-equalities of complex 
fuzzy sets in a signal processing application. 

This paper is an extension of the work of Ramot et al. 
[23], Alkouri and Saleh [1], Cai [8, 9], and Zhang et al. 
[39] to neutrosophic sets. Basically, we follow the philos- 
ophy of the work of Ramot et al. [23] to introduce complex 
neutrosophic set. The complex neutrosophic is character- 
ized by complex-valued truth membership function, com- 
plex-valued indeterminate membership function, and 
complex-valued falsehood membership function. Further, 
complex neutrosophic set is the mainstream over all 
because it not only is the generalization of all the current 
frameworks but also describes the information in a com- 
plete and comprehensive way. 


1.1 Why complex neutrosophic set can handle 
the indeterminate information in periodicity 


As we can see that uncertainty, indeterminacy, incom- 
pleteness, inconsistency, and falsity in data are periodic in 
nature, to handle these types of problems, the complex 
neutrosophic set plays an important role. A complex neu- 
trosophic set S is characterized by a complex-valued truth 
membership function T(x), complex-valued indeterminate 
membership function /;(x), and complex-valued false 
membership function Fs(x) whose range is extended from 
[0,1] to the unit disk in the complex plane. The complex 
neutrosophic sets can handle the information which is 
uncertain, indeterminate, inconsistent, incomplete, 
ambiguous, false because in T(x), the truth amplitude term 
and phase term handle uncertainty and periodicity, in [s(x), 
the indeterminate amplitude term and phase term handle 
indeterminacy and periodicity, and in F(x), the false 
amplitude term and phase term handle the falsity with 
periodicity. Complex neutrosophic set is an extension of 
the neutrosophic set with three additional phase terms. 

Thus, the complex neutrosophic set deals with the 
information/data which have uncertainty, indeterminacy, 
and falsity that are in periodicity while both the complex 
fuzzy set and complex intuitionistic fuzzy sets cannot deal 
with indeterminacy, inconsistency, imprecision, vagueness, 
doubtfulness, error, etc. in periodicity. 

The contributions of this paper are: 


1. We introduced complex neutrosophic set which deals 
with uncertainty, indeterminacy, impreciseness, incon- 
sistency, incompleteness, and falsity of periodic 
nature. 


2. Further, we studied set theoretic operations of complex 
neutrosophic sets such as complement, union, inter- 
section complex neutrosophic product, and Cartesian 
product. 

3. We also introduced the novel concept "the game of 
winner, neutral, and loser" for phase terms. 

4. We studied a distance measure on complex neutro- 
sophic sets which we have used in the application. 

5. We introduced 0-equalities of complex neutrosophic 
set and studied their properties. 

6. We also gave an algorithm for signal processing using 
complex neutrosophic sets. 

7. Drawbacks and failures of the current methods 
presented in this paper. 

8. Finally, we gave the comparison of complex neutro- 
sophic sets to the current methods. 


The organization of this paper is as follows. In 
Sect. 2, we presented some basic and fundamental 
concepts of neutrosophic sets, complex fuzzy sets, and 
complex intuitionistic fuzzy sets. In the next section, we 
introduced complex neutrosophic sets and gave some 
interpretation of complex neutrosophic set for intuition. 
We also introduced the basic set theoretic operations of 
complex neutrosophic sets such as complement, union, 
intersection, complex neutrosophic product, and Carte- 
sian product in the current section. Further, in this 
section, the game of winner, neutral, and loser is 
introduced for the phase terms in the case of union and 
intersection of two complex neutrosophic sets. It is 
completely an innovative approach for the phase terms. 
In Sect. 4, we introduced distance measure on complex 
neutrosophic sets, ó-equality on complex neutrosophic 
sets and studied some of their properties. An application 
in signal processing is presented for the possible uti- 
lization of complex neutrosophic set in the Sect. 5. In 
Sect. 6, we give the drawbacks of fuzzy sets, intu- 
itionistic fuzzy sets, neutrosophic sets, complex fuzzy 
sets, and complex intuitionistic fuzzy sets. We also give 
a comparison of different current methods to complex 
neutrosophic set in this section. Further, the dominancy 
of complex neutrosophic sets over other existing meth- 
ods is shown in this section. 

We now review some basic concepts of neutrosophic 
sets, single-valued neutrosophic set, complex fuzzy sets, 
and complex intuitionistic fuzzy sets. 


2 Literature review 
In this section, we present some basic material which will 


help in our later pursuit. The definitions and notions are 
taken from [1, 23, 28, 39]. 
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Definition 2.1 [28] Neutrosophic set. 


Let X be a space of points and let x € X. A neutrosophic 
set S in X is characterized by a truth membership function 
Ts, an indeterminacy membership function /;, and a falsity 
membership function Fs. Ts(x), Is(x), and Fs(x) are real 
standard or non-standard subsets of ]0 , 1^[, and 
Ts, Is, Fs : X — |0-,17|. The neutrosophic set can be rep- 
resented as 


S = {(x, Ts(x),Igs(x),Fs(x)) : xe X} 


There is no restriction on the sum of Ts(x), Is(x), and 
F(x), so 07 € Ts(x) + Is(x) + Fs(x) €3*. 

From philosophical point view, the neutrosophic set 
takes the value from real standard or non-standard subsets 
of JO, 1*|. Thus, it is necessary to take the interval [0,1] 
instead of |07, 1*| for technical applications. It is difficult 
to apply ]07,1*[ in the real-life applications such as 
engineering and scientific problems. 

A single-valued neutrosophic set [23] is characterized 
by a truth membership function, Ts(x), an indeterminacy 
membership function s(x) and a falsity membership 
function F(x) with Ts(x), [s(x), Fs(x) € [0, 1] for all 
x € X. If X 1s continuous, then 


x 
X 
If X 1s discrete, then 
for all x € X. 


$2 ^ (T(x), Is(x), Fs(x)) 


X 


Actually, SVNS is an instance of neutrosophic set that 
can be used in real-life situations such as decision-making, 
scientific, and engineering applications. We will use single- 
valued neutrosophic set to define complex neutrosophic set. 

We now give some set theoretic operations of neutro- 


sophic sets. 
Definition 2.2 [33] Complement of neutrosophic set. 


The complement of a neutrosophic set S is denoted by 
c(S) and is defined by 


Tes) (x) — Fs(x), Is) (x) = 1] — Is(x), Fe(s) (x) 
— Ts(x) forall x c X. 


Definition 2.3 [23] Union of neutrosophic sets. 


Let A and B be two complex neutrosophic sets in a 
universe of discourse X. Then, the union of A and B is 
denoted by A U B, which is defined by 


AUB = ((x, Ta (x) V Tp(x), I4 (x) ^ In(x), Fa (x) A Fg(x)) :x € X] 


for all x € X, and V denote the max operator and ^ denote 
the min operator, respectively. 
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Definition 2.4 [23] Intersection of neutrosophic sets. 


Let A and B be two complex neutrosophic sets in a 
universe of discourse X. Then, the intersection of A and B is 
denoted as A N B, which is defined by 


ANB = (Go Ta (x) ^ Tg(x), la (x) V Ig(x), Fa (x) V Fg(x)) : x e X) 


for all x € X. 
The definitions and other notions of complex fuzzy sets 
are given as follows. 


Definition 2.5 [23] Complex fuzzy set. 


A complex fuzzy set S, defined on a universe of dis- 
course X, is characterized by a membership function ns(- 
x) that assigns any element x € X a complex-valued grade 
of membership in S. The values 75(x) all lie within the unit 
circle in the complex plane and thus all of the form 
ps(x).e/! 5*9 where ps(x) and us(x) are both real-valued and 
ps(x) € [0, 1]. Here, ps(x) is termed as amplitude term and 
el!s'X is termed as phase term. The complex fuzzy set may 
be represented in the set form as 


S = {(x,ms(x)) : x € X}. 


The complex fuzzy set is denoted as CFS. 
We now present set theoretic operations of complex 
fuzzy sets. 


Definition 2.6 [23] Complement of complex fuzzy set. 


Let S be a complex fuzzy set on X, and nņs(x) = 
ps(x).e."5 9) its complex-valued membership function. The 
complement of S denoted as c(S) and is specified by a 
function 


Nes (x) = pes (x).e He) = (1— ps(x)).e 0779). 


Definition 2.7 . [23] Union of complex fuzzy sets. 


Let A and B be two complex fuzzy sets on X, and 
na(x) = ra(x).e!^) and qgg(x) = rg(x).e^"s 9 be their 
membership functions, respectively. The union of A and 
B is denoted as A U B, which is specified by a function 


lA up (X) = raus (x).e/ ^99) = (ra (x) V rg(x)).e e Visto) 


where V denote the max operator. 


Definition 2.8 [23] Intersection of complex fuzzy sets. 


Let A and B be two complex fuzzy sets on X, and y,(x) = 
rA(x).e/! ^9) and qg(x) = rg(x).e/!s 9) be their membership 
functions, respectively. The intersection of A and B is 
denoted as A N B, which is specified by a function 


Nang (X) = rang (x).e "^? = (rq (x) ^ rg(x)).e Ma 2) 


where ^ denote the max operator. 
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We now give some basic definitions and set theoretic 
operations of complex intuitionistic fuzzy sets. 


Definition 2.9 
sets on X, 


[39] Let A and B be two complex fuzzy 
and n(x) = 1r4(x).e!4%) and = np (x) = 
rg(x).el"5'9 be their membership functions, respectively. 
The complex fuzzy product of A and B, denoted as A o B, 
and is specified by a function 








= (ra) rg o) e? C48). 


Naog(X) = rAop (x) ei Hae) 


Definition 2.10 
sets on X, 


[39] Let A and B be two complex fuzzy 
and (x) = ra(x).e"^ 9 and mg(x)— 
rp(x).e’##©) be their membership functions, respectively. 
Then, A and B are said to be ô equal if and only if 
d(A, B) € 1 — ô, where 0 € ó € I. 


For more literature on 6-equality, we refer to [8, 9] and 
[35]. 


Definition 2.11 [1] Complex intuitionistic fuzzy set. 


A complex intuitionistic fuzzy set S, defined on a uni- 
verse of discourse X, is characterized by a membership 
function s(x) and non-membership function ¢s(x), 
respectively, that assign an element x € X a complex-val- 
ued grade to both membership and non-membership in 
S. The values of n(x) and Cs(x) all lie with in the unit 
circle in the complex plane and are of the form mns(x) = 

ps(x).e."5 9) and Esx) = rg(x).e9599. where ps(x), rs(x), 
na ), and ws(x) are all real-valued and ps(x), rs(x) € 
(0, 1] with j = V/—1. The complex intuitionistic fuzzy set 
can be represented as 


S = {(x, ns(x), es(x)) : x € U}. 
It is denoted as CIFS. 


Definition 2.12 
tic fuzzy set. 


[1] Complement of complex intuitionis- 


Let S a a complex intuitionistic fuzzy set, and n(x) = 

ps(x).e"s) and C5(x) = rs(x).e9s 9 its membership and 
non-membership functions, respectively. The complement 
of S, denoted as c(S), is specified by a function 


!]c(s) (x) LI (sy (x j el «s (*) — rs (x).e 07-509) and 
Ln) = rag n)? = pl) far 
Definition 2.13 [1] Union of complex intuitionistic fuzzy 
sets. 


Let A and B be two ro intuitionistic fuzzy sets on 
X, and n(x) = pa(x).e^ 40), E(x) = ra(x).e?* and 
ng(x) = pp(x).e” sale and Ga ) = rp(x).e 2) be their 
membership and non-membership functions, respectively. 


The union of A and B is denoted as A U B, which is 


specified by a function 


Naup(X) = Paus (x).e/ "99 — (p(x) V pg(x)).el are) 


and 
CauB(x) = raug (x).e 24l) = (r4(x) A rg(x)). e24) nosl)) 


where V and ^A denote the max and min operator, 
respectively. 


Definition 2.14 
fuzzy sets. 


[1] Intersection of complex intuitionistic 


Let A and B be two P^ intuitionistic fuzzy sets on 
X, and m4(x) = pa(x).e^4 9), E(x) = rA(x).e^?* and 
ng(x) = pa(x).e sale and "a ) = rg(x).e?9 9) be their 
membership and non-membership functions, respectively. 
The intersection of A and B is denoted as A N B, which is 
specified by a function 


Mang (X) = Pana (x).e "99 = (pa(x) ^ pa(x)).e V4 ^09). ang 
Cang (X) = rang (x).e^ 990999 = (r, (x) V rg(x)).e aon) 


where ^ and V denote the min and max operators, 
respectively. 

Next, the notion of complex neutrosophic set is 
introduced. 


3 Complex neutrosophic set 


In this section, we introduced the innovative concept of 
complex neutrosophic set. The definition of complex neu- 
trosophic set is as follows. 


Definition 3.1 Complex neutrosophic set. 


A complex neutrosophic set S defined on a universe of 
discourse X, which is characterized by a truth membership 
function Ts(x), an indeterminacy membership function 
Is(x), and a falsity membership function Fs(x) that assigns 
a complex-valued grade of Ts(x), Is(x), and Fs(x) in S for 
any x € X. The values Ts(x), Is(x), Fs(x) and their sum 
may all within the unit circle in the complex plane and so is 
of the following form, 


Ts(x) = ps(x).e/^5 9), I(x) = qg(x).e5 9 and Fs(x) 

= rs (x) ef) 
where ps(x), qs(x), rs(x) and us(x), vs(x), s(x) are, 
respectively, real valued and ps(x),qs(x), rs(x) € (0, 1] 


such that ^0 € ps(x) + qs(x) + rs(x) € 3* 
The complex neutrosophic set S can be represented in 
set form as 


S = {(x, Ts(x) = ar, Is(x) = ar, Fs(x) = ap) : x € X}, 
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where Ts:X — {ar:ar € C,lar| <1}, Is:X — {arar € 
C, la| 1) and  FsX- {ap:ap € C,|ar|<1} and 
ITs(x) + Is(x) + Fs(x)| < 3. 

Throughout the paper, complex neutrosophic set refers 
to a neutrosophic set with complex-valued truth member- 
ship function, complex-valued indeterminacy membership 
function, and complex-valued falsity membership function 
while the term neutrosophic set with real-valued truth 
membership function, indeterminacy membership function, 
and falsity membership function. 


3.1 Interpretation of complex neutrosophic set 


The concept of complex-valued truth membership function, 
complex-valued indeterminacy membership function, and 
complex-valued falsity membership function is not a sim- 
ple task in understanding. In contrast, real-valued truth 
membership function, real-valued indeterminacy member- 
ship function, and real-valued falsity membership function 
in the interval [0,1] can be easily intuitive. 

The notion of complex neutrosophic set can be easily 
understood from the form of its truth membership function, 
indeterminacy membership function, and falsity member- 
ship function which appears in above Definition 3.1. 


Ts(x) = ps(x).e"s 9. 
= rg(x). eos?) 


Is(x) = qs(x).e" 5) and Fs(x) 


It is clear that complex grade of truth membership 
function is defined by a truth amplitude term ps(x) and a 
truth phase term us(x). Similarly, the complex grade of 
indeterminacy membership function is defined as an inde- 
terminate amplitude term qs(x) and an indeterminate phase 
term vs(x), while the complex grade of falsity membership 
function is defined by false amplitude term rs(x) and a false 
phase term cgs(x), respectively. It should be noted that the 
truth amplitude term ps(x) is equal to |Ts(x)|, the amplitude 
of Ts(x). Also, the indeterminate amplitude term qs(x) is 
equal to |/;(x)| and the false amplitude term rs(x) is equal 
to |Fs(x)|. 

Complex neutrosophic sets are the generalization of 
neutrosophic sets. It is a easy task to represent a neutro- 
sophic set in the form of complex neutrosophic set. For 
instance, the neutrosophic set S is characterized by a real- 
valued truth membership function æs(x), indeterminate 
membership function fj;(x) and falsehood membership 
function y,(x). By setting the truth amplitude term ps(x) 
equal to s(x), and the truth phase term j1,(x) equal to zero 
for all x and similarly we can set the indeterminate 
amplitude term qs(x) equal to f,(x) and the indeterminate 
phase term equal to zero, while the false amplitude term 
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rs(x) equal to ys(x) with the false phase term equal to zero 
for all x. Thus, it has seen that a complex neutrosophic set 
can be easily transformed into a neutrosophic set. From this 
discussion, it is concluded that the truth amplitude term is 
equivalent to the real-valued grade of truth membership 
function, the indeterminate amplitude term is equivalent to 
the real-valued grade of indeterminate membership func- 
tion, and the false amplitude term is essentially equivalent 
to the real-valued grade of false membership function. The 
only distinguishing factors are truth phase term, indeter- 
minate phase term, and false phase term. This differs the 
complex neutrosophic set from the ordinary neutrosophic 
set. In simple words, if we omit all the three phase terms, 
the complex neutrosophic set will automatically convert 
into neutrosophic set effectively. All this discussion is 
supported by the reality that ps(x), qs(x), and rs(x) have 
range [0,1] which is for real-valued grade of truth mem- 
bership, real-valued grade of indeterminate membership, 
and real-valued grade of false membership. 

It should also be noted that complex neutrosophic sets 
are the generalization of complex fuzzy sets, conventional 
fuzzy sets, complex intuitionistic fuzzy sets and intuition- 
istic fuzzy sets, classical sets. This means that complex 
neutrosophic set is an advance generalization to all the 
existence methods and due to this feature, the concept of 
complex neutrosophic set is a distinguished and novel one. 


3.2 Numerical example of a complex neutrosophic 
set 


Example 3.2 Let X = {x,,x2,x3} be a universe of dis- 
course. Then, $ be a complex neutrosophic set in X as given 
below: 


(0.6/9, 0.3.e, 0.5. 2/95) 


X1 
A (0.78 20.2.0? 9.1.25) 


E (0.92! 0.4.7, 9,7. 9/097) 
X3 l 


3.3 Set theoretic operations on complex neutrosophic 
set 


Ramot et al. [23], calculated the complement of member- 
ship phase term [ls(x) by several possible method such as 
U(x) = us(x),21 — ug(x). Zhang [39] defined the com- 
plement of the membership phase term by taking the 
rotation of us(x) by x radian as u(x) = Us(x) + m. 

To define the complement of a complex neutrosophic 
set, we simply take the neutrosophic complement [29] for 
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the truth amplitude term ps(x), indeterminacy amplitude 
term qs(x), and falsehood amplitude term rs(x). For phase 
terms, we take the complements defined in [23]. We now 
proceed to define the complement of complex neutrosophic 
set. 


Definition 3.3 Complement of complex neutrosophic set. 


Let S = { (x, Ts(x), Is(x), Fs(x)) : x € X) be a complex 
neutrosophic set in X. Then, the complement of a complex 
neutrosophic set S is denoted as c(S) and is defined by 


CS) esr o dO exe. 
where Ble j= s(x).e^509), Eœ) = clqs(x) d), 
and Fé(x) = c(rs(x).e^*^599) in which c(ps(x).e^s?) = 
c(ps(x)).e/! 50) is s that c(ps(x)) = rs(x) and v$(x) = 
vs(x), 27 —vs(x) or vs(x)-- 7. Similarly, — c(rs(x). 
sins) = c(rs(x)).e*5 9), where c(qs(x)) = 1 — qs(x) and 
v$(x) = vs(x), 27 — vs(x) or vs(x) n. 


Finally, ^ c(rs(x).&59)) = c(rs(x)).& 50), where 
c(rs(x)) = ps(x) and o$(x)- @s(x),2m — os(x) or 
cs(x) + n. 


Proposition 3.4 Let A be a complex neutrosophic set on 
X. Then, c(c(A)) =A. 


Proof By definition 3.1, we can easily prove it. 


Proposition 3.5 Let A and B be two complex neutro- 
sophic sets on X. Then, c(A N B) = c(A) Uc(B). 


Definition 3.6 Union of complex neutrosophic sets. 


Ramot et al. [23] defined the union of two complex 
fuzzy sets A and B as follows. 

Let u(x) = ra(x).e?^*9) and ug(x) = rg(x).e^?5 9) be 
the complex-valued membership functions of A and B, 
respectively. Then, the membership union of A U B is given 
by mug) = [ra(x) © rg(x)].e/?250),. Since r4(x) and 
rg(x) are real-valued and belong to |0, 1], the operators max 
and min can be applied to them. For calculating phase term 
OAup(x), they give several methods. 

Now we define the union of two complex neutrosophic 
sets as follows: 

Let A and B be two complex neutrosophic sets in X, 
where 





A = {(x, TA(x),IA(x), FA(X)) : x € X} and 
B = { (x, Tg(x),Ipg(x), Fa(X)) : x e X]. 


Then the union of A and B 1s denoted as A Uy B and is 
given as 


A Uy B = { (x, TAup(x), Iaup(x), FAup(x)) nS E um X} 


where the truth membership function T, g(x), the inde- 
terminacy membership function J4yg(x), and the falsehood 
membership function F4yg(x) are defined by 


T4 us (x) = [(pa(x) V pax). ^ 
IAuB(x) = [(qa(x) ^ qg(x))]. el Vag 
FAup(x) — (rA (x) AN rg(x ))]. el OF sup) 





where V and ^ denote the max and min operators, 
respectively. To calculate phase the terms e/^us(9), @/-Yau) | 
and e^^4). we define the following: 


Definition 3.7 Let A and B be two complex neutrosophic 
sets in X with complex-valued truth membership functions 
TA(x) and Tg(x), complex-valued indeterminacy member- 
ship functions /4(x) and Jg(x), and complex-valued false- 
hood membership functions F4(x) and Fg(x), respectively. 
The union of the complex neutrosophic sets A and B is 
denoted by A Uy B which is associated with the function: 


0: ((ar,ajy,ar) :ar,aj,ar € C,|ar - aj 4- ap | £3, ar |, |aj], |ar| X1] 
x A(br,br,bp):br,by, br € C,|br +b; - br | <3, |br|,|b7|,|br| <1} 
— l(dr,di,dr):dr,dr,dr € C,|dr 4- dr 4- dr| X3, |dr|,|di|,|dr| X1), 


where a, b, d, a’, b', d', and a", D", d" are the complex truth 
membership, complex indeterminacy membership, and 
complex falsity membership of A, B, and AUB, 
respectively. 


A complex value is assigned by 0, that is, for all x € X, 


(TA (x), Tg(x)) = Tuus (x) = dr, 
(LA (x), In(x)) = Iaup(x) =d; and 
O(FA (x), Fp(x)) = Faun (x) = dr. 


This function 0 must obey at least the following axio- 
matic conditions. 

For any a,b,c,d,a',b',c',d', 
Ix| <1}: 


a ,b',c",d" € ix:x € QC, 


e Axiom 1: |07(a,0)| = |a|,|0;(a^, 1)| = |a! | and 
Op (a^, 1)| = |a"| (boundary condition). 

e Axiom 2: Or(a,b) = Or(b, a), 0;(a’, D) = Oj(D', a’) and 
Op (a" , D") = Or(b", a") (commutativity condition). 

e Axiom 3: if , then |Or(a, b)| € |0r(a, d)| and if 
|b| < |d'|, (a',b')|<|0r(a',d)| and if 

lO (a^, b")| € |üp(a", d")| (monotonic 





then 











condition). 

e Axiom 4: Or(Or(a,b),c) = 0r(a,0r(b, c)), PUE (a, 
b'), c) = Orla’, 0;(b',c’)) and 0p (0p (a", b"), c » = 
0p (a" , Op (b", c")) (associative condition). 


It may be possible in some cases that the following are 
also hold: 
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e Axiom 5: Ü is continuous function (continuity). 

e Axiom 6: |67(a,a) \O7(a’,a’)|<J|a’| and 
Op (a" , a^)| « |a"| (superidempotency). 

e Axiom 7: |a|<|c| and < then |0r(a, 
b)|<|@r(c,d)|, also |a'|>|c'| and |b'|>|d'|, then 
\0;(a’, b')| > |0r(c', d')| and |a"| > |c"| and | 
then [0r (a", b")| > |0r(c', d')| (strict monotonicity). 

















The phase term of complex truth membership function, 
complex indeterminacy membership function, and complex 
falsity membership function belongs to (0,2z). To define 
the phase terms, we suppose that pr, (x) = L4ug(x), 
Vr, 4 (X) = Vaus(x), and cp, ,(x) = oAup(x). Now we take 
those forms which Ramot et al. presented in [23] to define 
the phase terms of Tyus(x), líaus(x), and Faug(x), 
respectively. 


(a) Sum: 


(b) Max: 


(c) Min: 


99 


(d) “The game of winner, neutral, and loser": 


m-e nion 
[tp (x) if pp > pa 
VauB(x) = os ee 
Vp (x) if 4g <qa 
wa (x) if rA <rpg 
@aus(*) = p(x) if rg <ra 


The game of winner, neutral, and loser is a novel con- 
cept, and it is the generalization of the concept “winner 
take all” introduced by Ramot et al. [23] for the union of 
phase terms. 


Example 3.8 Let X = {x1,x2,x3} be a universe of dis- 
course. Let A and B be two complex neutrosophic sets in 
X as shown below: 
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(0.629%, 0.3.e/*, 0.5.93) 
X1 
B (0.7&/90.2.8/99. 9.1.97) 


X2 l 
" (0.96! 0.4.27, 9.7. 9.9.7) 
X3 


? 


and 


. (0.8e/9?, 0.1.e/5, 0.4.2) 
X] 
" (0.6691. 1.9/9. 0.01.95) 


X2 
" (0.223 0. 2/27. 9,5, 9/03) 


? 


X3 
Then 
(0.8.0? 0.3.6 F 0.5.2) 
Ayb = eS, 
X] 
(0.6.01 0.2.9? 0.01,65) (0.2.69, 0. 9/27, 0,5. 9/07) 


Definition 3.9 Intersection of complex neutrosophic sets. 


Let A and B be two complex neutrosophic sets in X, 
where 
A = {(x, TA(x),Ia(x), FA(X)) : x € X} and 
B = { (x, Tg(x), Ig(x), Fa(X)) : x E€ X]. 


Then, the intersection of A and B is denoted as A Ny B 
and is defined as 


A Ny B = LG, TAna(x), Ianp(x), FAnn(x)) : C X}, 


where the truth membership function Tang(x), the inde- 
terminacy membership function /4ng(x), and the falsehood 
membership function F4ng(x) are piven as: 


Tars (a) = [(palx) ^ pa) ees? 
lang(x) = [(ga(x) V qa(x))].e "o? 
Fang(x) = (ra (x) V rg(x ))|. el OF ang ) 





where V and ^ denote the max and min operators, 
respectively. We calculate phase terms e/a), givAns(x). 
and e478) after define the following: 


Definition 3.10 Let A and B be two complex neutro- 
sophic sets in X with complex-valued truth membership 
functions T4(x) and Tg(x), complex-valued indeterminacy 
membership functions /4(x) and Jg(x), and complex-valued 
falsehood membership functions F,4(x) and  Fg(x), 
respectively. The intersection of the complex neutrosophic 
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sets A and B is denoted by A Ny B which is associated with 
the function: 


9: ((ar,ar,ar):ar,ar,ar € C,|ar *- ari - ar| £3, |ar|,|ar|,|ar| <1} 
X br. br, by) tbr, bp br € C, |bz 4- b; - by | <3,|brl, \b7|,|br| < 1} 
— {(dr,dı,dF) :dr,dr,dr € C,|dr +d) 4- dr| £3, dr], |di],|dr| £15, 


where a,b,d, a',b',d', and a",b",d" are the complex truth 
membership, complex indeterminacy membership, and 
complex falsity membership of A, B, and ANB, respec- 
tively. $ assigned a complex value, that is, for all x c X, 


(Ta (x), Ta(x)) = Tana(x) = dr, 
Q (IA(x), Ip(x)) = Ianp(x) = d; and 
(Fa (x), Fg(x)) = FAng(x) = dr. 


o must satisfy at least the following axiomatic 
conditions. 

For any a,b,c,d,a',b',c',d',a" b". c", d" € Ix:x € C, 
ix « 1 


e Axiom 1: If |b| = 1, then |$r(a, b)| = |a|. If |b'| = 0, 
then |j;(a, D) = |a| and if |p(a",b")| = |a" 
(boundary condition). 

e Axiom 2: $r(a,b) = ġr(b,a), O(a, b) = Qu(b^.a), 
and ppa”, b") = op(b", a") (commutative condition). 

e Axiom3: if |b] € |d|, then | zr (a, b)| € | (a, d)| and if 














b'|<|a’|, then |6,(a',b)| -Sló;(a,d)| and if 
|b") < |d"|, then |óp(a", D^)| < |o p(a", d")| (monotonic 
condition). 


e Axiom 4: b7(¢7(4,b),c) = bra, ór(b.c)), (O(a, 
be) = b(a, o(B',c)), and Oy (oy (a^, b^), c") = 


Qr (a", Dp (b", c")) (associative condition). 
The following axioms also hold in some cases. 


e Axiom 5: $ is continuous function (continuity). 








e Axiom 6: |$4.(a,a)| > la|, |@;(a’,a’)| «|a'|, and 
Io p (a^, a")| « |a"| (superidempotency). 
e Axiom 7: ja|X|c| and jb|x|d, then |¢-(a, 





b) €|$é,(c,d), also |a'|>|c'| and |b'| 7 |d'|, then 
\P (d^, b')| 2 |o; (c, d')] and |a"| > [c^] and |b"| < |a” 
then [$e (a", b")| > op (c", d")| (strict monotonicity). 





? 





We can easily calculate the phase terms e/a), 
ef "^8 9). and ef-478) on the same lines by winner, neutral, 
and loser game. 


Proposition 3.11 Let A, B,C be three complex neutro- 
sophic sets on X. Then, 


t (AUB)n C -(AnC)U(An B), 
2. (ANB)UC=(AUC)N(AUB). 


Proof Here we only prove part 1. Let A, B, C be three 
complex neutrosophic sets in X and TA(x),lA(x),FA(x), 
Tg(x),Ipg(x), Fg(x) and Tc(x),Ic(x), Fv(x), respectively, 
be their complex-valued truth membership function, com- 
plex-valued indeterminate membership function, and 
complex-valued falsehood membership functions. Then, 
we have 


T(AuBjnc(X) = P(auaync(*) .el "ausyoc(x) 


= min(pAus (x), pc(x)).e minus) He), 


= min(max(pa (x), pa(x)), pc(x)) 
, g min(max(ua (x), Hp (x) oO) 


= max (min(pa (x), p.(x)), min(pa(x), pc(x))) 
_ ei nax(min(ua (x) c (x)) min(ug (x) c (x))). 


= max(panc(x), panc(x)). e "Itane C) Hane) 


.el "(anc)u(Gnc) (x) — 


= P(ANC)U(BNC) (x) T(AnC)U(BnC) (x). 


Similarly, on the same lines, we can show it for 
Iiaupjnc (x) and F(Augjnc (x), respectively. [] 


Proposition 3.12 Let A and B be two complex neutro- 
sophic sets in X. Then, 


1l. (AUB)NA=A, 
2. (AnB)UA =A. 


Proof We prove it for part 1. Let A and B be two complex 
neutrosophic sets in X and Ty4(x),J4(x),Fa(x) and 
Tg(x), Ip(x), Fg(x), respectively, be their complex-valued 
truth membership function, complex-valued indeterminate 
membership function, and complex-valued falsehood 
membership functions. Then, 


T (AUB)nA (x) — P(AUB)NA (x) ] el" (AuB)na (x) 


= min(paus(x), pA(x)) 
gli min(Haup (x), ua (9). 


= min(max(pa (x), ps(x)). pa (x)) 
f g} min(max (f(x), ug (x)) ua (x) 


= Ta (x). 


Similarly, we can show it for [ausma (x) and 
Fauga (x), respectively. [] 


Definition 3.13 Let A and B be two complex neutro- 
sophic sets on X, and T(x) = pa(x).e^^(9, I(x) = 
qa (x).e "^9,  FA(x) = rA(x).e9^9) and Tg(x) = pp(x). 
eso). p(x) = qp(x).e"9 9, ^ Fpg(x) = rp(x).e8 08), 
respectively, be their complex-valued truth. membership 
function, complex-valued indeterminacy membership 
function, and complex-valued falsity membership function. 
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The complex neutrosophic product of A and B denoted as 
A o B and is specified by the functions, 





TAop(x) = pacp(x).el Hace) — (pA x).pp (x)).e/ 2n C8 ^). 
IAop(x) — qAop (x) eh "C? ES (qa (x).qp()).e 2n C2). 
Fon (x) = raog(x) e0) = (rq (x).rg(x)).e 27 C88) 


Example 3.14 Let X = (x1, x2, x3] and let 


qs (0.62177, 0.3095". 1.02.17) 
= m 
(1.0627. 0.263" 9, 5/047) 
A SS ee 
X2 
(0.8/1 67. 0. 1/12, 0.6617) 
m DE 
X3 
(0.6e/1 77. 0.12947. 1.0e/9-17) 
X1 
(1.0e/!2", 0.3e2, 97/957) 
Sii EE PCM MOM PENNE 1 
X2 
" (0.20167. 0.2071 52. 0.7217) 


X3 


? 


B= 


Then 
(0.362.777, 0.32". 10g") 
AG ee 
XI 
(1.0e/!2*, 0.062", 0.35617) 
X3 
(0. 162/1287. 0.020995. 0.42e/0.00") 


X3 


Definition 3.15 Let A, be N complex neutrosophic sets on 
X (n=1,2,...,N), and Ty (x) = pa, (x) Han), 
I4. (x) = qa, (x).e "9, and Fy (x) = r4, (x).e/9^« be their 
complex-valued membership function, complex-valued inde- 
terminacy membership function and complex-valued non- 
membership function, respectively. The Cartesian product of 
An, denoted as A; x A» X --- X Ay, specified by the function 


j. " x 
TA ix A -xAS X) = PA, xAox-XAn (x).e HA xA» x TM ) 


= min(pa, (x1), PA (x2), 5 PAN (xn )) 
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BY " xX 
EET ET AE) => EE ee ee A, XA2 X xAy ( ) 


= max (q4, (x1), QA; (x2), i55 QAN (xN)) 


and 


Eo) shag 
Fa, xAyx--xAy (X) = Pig ete Oe Ay xAg x xAyy (X) 


= max(ra, (x1), ra, (x2), . . -Fay (Xn) 


where x = (xj,X2,...,XN)' EX XXX- x X. 
— PME, 
N 


4 Distance measure and ó-equalities of complex 
neutrosophic sets 


In this section, we introduced distance measure and other 
operational properties of complex neutrosophic sets. 


Definition 4.1 Let CN(X) be the collection of all com- 
plex neutrosophic sets on X and A, B € CN(X). Then, A C 
B if and only if T4(x) € Tg(x) such that the amplitude 
terms pa(x) X pgs(x) and the phase terms p,(x) < ug(x), 
and I4(x)>Jg(x) such that the amplitude terms 
ga(x) 2 qg(x) and the phase terms v4(x) > vg(x) whereas 
FA(x) > F(x) such that the amplitude terms 74 (x) > rg(x) 
and the phase terms w,(x) > cg(x). 


Definition 4.2 Two complex neutrosophic sets A and 
B are said to equal if and only if p4(x) = pg(x), 
qa (x) = qp(x), and ra (x) = rg(x) for amplitude terms and 
ua(x) = p(X), vA(x) = va(x). @a(x) = @a(x) for phase 
terms (arguments). 


Definition 4.3 A distance of complex neutrosophic sets is 
a function dcns:CN(X) x CN(X) — [0,1] such that for any 
A,B,C € CN(X) 


0 <dens(A, B) € 1, 

dcws (A, B) = 0 if and only if A = B, 
dcws (A, B) = dcws(B, A), 

dcws (A, B) < dens(A, C) + dens (C, B). 


Let dens:CN(X) x CN(X) — [0,1] be a function which 
is defined as 


puc 


dcws (A, B) = max (react IPA(x) — pa(x)|, sup,ex |qa(x) — ga(x)|, sup,ex|ra(x) — ra(x)]). 
' max (+ sup.ex |Ha(x) — ug(x)]; X: sup;ex|va(x) — ve (x)|, = SUP rex a(x) — os(x)]) 


A Springer 


Neural Comput & Applic 


Theorem 4.4 The function dcws(A, B) defined above is a 
distance function of complex neutrosophic sets on X. 


Proof The proof is straightforward. 


Definition 4.5 Let A and B be two complex neutrosophic 
sets on X, and T4(x) = pa(x).e!4C9), IA (x) = qa (x), 
F4(x) = ra(x).e94 9) and Tg(x) = pa(x).e/'s'9, Ig(x) = 
qp(x).e^ "5 9), F(x) = rg(x).e?*'9 are their complex-val- 
ued truth membership, complex-valued indeterminacy 


dcns (A, B) = max ( 


membership, and complex-valued falsity membership 
functions, respectively. Then, A and B are said to be 0- 
equal, if and only if dens(A, B) < 1 — à, where 0 < ô < 1. It 
is denoted by A = (0)B. 


Proposition 4.6 For complex neutrosophic sets A, B, and 
C, the following holds. 


A — (0)B, 

A — (1)B if and only if A — B, 

If A = (6)B if and only if B = (0)A, 

A= (6, )B and ô < ô, then A = (05)B, 

If A = (6,)B, then A = (sup ez 0,)B for all «€ J, 
where J is an index set, 

6. If A = (0')B and there exist a unique 6 such that A = 
(6)B, then ô < ô for all A,B 


va ee Dus 


7. If A= (041)B and B= (05)C, then A = (0)C, where 
= Ô] * 05. 


Proof 4.7 Properties 1—4, 6 can be proved easily. We only 
prove 5 and 7. 
5. Since A = (6,)B for all x € J, we have 


max (sup,<x|Pa(x) — pa(x)|, supexlqa(x) — aa(x)], sup.exlra(x) — ra(x)l); 


<1 - ô, 
max (3; sup,ex La (x) — Hp (x)|, 3; SUPxex va (x) — va(x)]; z SUPxex loa (x) — a(x)]) 


Therefore, 
sup|pa (x) — pa(x)| € 1 — sup dz, 
xcx acJ 
sup|qa (x) — ga(x)| € 1 — sup dg, 
xEX acJ 


sup|ra(x) — rg(x)) < 1 — supó,, and 
xEX acl 


1 
5 SUP| ta (X) — Ha(x)| € 1 — sup dz, 
T xex aed 


l 
— sup|va (x) — vg(x)| < 1 — sup 6, 
2T xex «EJ 


] 
— suploa(x) — og(x)| € 1 — sup 6,. 
T xcx EJ 


Thus, 


max (sup,ey|pa(x) — Pa(x)|, sup.ex|qa(x) — qg (x)|, SUPxex|ra (x) — rg(x)|), 


dcns (A, B) = Max 


< 1 — sup 6, 
acJ 


1 1 | 
max (s. suplu (x) = us (x)|, zp suplva (x) — vx); zz suploa(x) — om) 


A Springer 


Neural Comput & Applic 


Hence, A = (sup,, 0,)B. which implies 
7. Since A = (04)B, we have 


Piet max ( maxi — pa(x)].sup,cxlqa (x) — qe(x)], supsexlra (x) — re(x)p), "m 
| max (4 sup,cx |La (x) — iex) £ supsex|va (x) — va(x) |, SUP ex lea x) — es] J S 


which implies sup|pa(x) — pc(x)| «1-965, 
xEX 
su x) — pg(x)| <1 — 64, 
muc suplas(x) — cx) € 1 — à». 
xEX 


— <1—ô 
suplq (x) da (| € " sup|rg(x) — rc(x)| € 1 — ô and 
sup|ra(x) — rg(x)| < 1 — à; and T 
d 5 -Sup|Ag(x) — uc(x)| $1— 2, = sup|va(x) — vc(x)] € 1 — oe, 
1 1 2T xex 21 vex 
L supu (2) — p(X) £1 — 1, Lsuplva(x) — va(x)|< 1 — ôi 

T EX 2n xEX 


1 5, 5YPloslx) — ec(x)] € 1 — à». 
z-sup|o (x) — eg(x)| € 1 — ài. T xex 
2n xEX 


Now, 
Also we have B = (62)C, so 


max(sup,<x|Pa(x) — Pc(*)|; SUPrexl9a() — ac(x)]; Sup.exre(x) — re(x)]), 


dcns(B, C) = max 1 
Gin max (4 sup.cxlus(r) — uc Gr a supsexlva Gr) — ve, suplon() — och) 
xE 


<1— 09 
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max(su x 
dcws (A, C) = max (^ Prex|Pa(x) — 


( 
ax (5; sup.ex ua (x) — 
max (sup,cy pA (x) — 
max (sup,cy|pa(x) — 
max (2. sup ex (x) — 
max (5; Sup,ex | Mg (x) — 


< max((1 — 51) + (1 — 62), (1 — 61) + 


perl 
X 
— pcl 


From Definition 4.3, dens(A, C) <1. Therefore, dens 
(A,C) <1 — ôi x ô = 1 — ô, where ô= ôi * ô. Thus, 
A = (6)C. [] 


Theorem 4.8 Jf A = (6)B, then c(A) = (0)c(B), where 
c(A) and c(B) are the complement of the complex neu- 
trosophic sets A and B. 


Proof Since 
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5 Application of complex neutrosophic set 
in signal processing 


The complex neutrosophic set and 0-equalities of complex 
neutrosophic sets are applied in signal processing appli- 
cation which demonstrates to point out a particular signal 
of interest out of a large number of signals that are received 
by a digital receiver. This is the example which Ramot 
et al. [23] discussed for complex fuzzy set. We now apply 
complex neutrosophic set to this example. 

Suppose that there are ZL different signals, 
S\(t), S2(t),...,Sz(t). These signals have been detected 
and sampled by a digital receiver and each of which is 


Pc(X)|, SUPyex|ga (x) — ( 
Ho(X)|, x Supsex]va(x) — vc(x)| $ SUPrex|@a (x) — 
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Hc(x)]; zz SUpsex va (x) — vc(x)]; 3: SUP rex losl) 


(-à)) = 


, SUD. cx |dc(A) (x) 
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:25 SUPxex | Vc(A 








(x) — oqp) (x) 
max (sup,cx [ra (x) — re(x)|, SUPyex|(1 — qa(x)) — 
(27 — ug(x) 
(2x — wp(x 
— pa(X)|, sup.ex|qa(x) 
— ug(x)]; 5 SUPyex va (x) — — = dcws(A, B) < 1 — ô 


qc(x)], sup,ex|ra(x) — rc(x)]); 
oc(x)]) 


cog(x)|)- 
— ec(x)]) 


(1 — 6;) + (1— 62) = 1 — (6; + 62 — 1), 


sampled N times. Suppose that S,(k’) denote the K'th of the 
l'-th signal, where 1 € K' <N and 1 € /' < I/. Now we form 
the following algorithm for this application. 


5.1 Algorithm 


Step 1. Write the discrete Fourier transforms of the L’ 
signals in the form of complex neutrosophic set, 
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where Cy,,Dy,,Ey, are the complex-valued Fourier 
coefficients of the signals and 1 «X n € N. 
The above sum may be written as 


; MS jan(n- V) 1) +47) 
Sy (k ) = —. ; (Ur n, Vr n, Win) -€ N (2) 
N — 
n=1 
where Cy, = Uy nln, Dy n = Vy nn, and Ern = 
Wy 4.8"'» with Uy n, Vrn, Wr n > 0, and æy n are real-valued 
for all n. 


A Springer 


The purpose of this application is to point out the ref- 
erence signals R’ of the L' signals. This reference signal 
R\prime has been also sampled N times (1 X n X N). 

Step 2. Write the Fourier coefficient of R’ in the form of 
complex neutrosophic set, 

/ / I A 
R (k ) = N` » (Crn, Dira, Erin) -€ 


n=1 


j2n(n — 1)(K' — 1) 
N 


(3) 


where Cy n, DR n, ER n are the complex Fourier coefficients 
of the reference signals. 
The above expression can be rewritten as 
N . / 
2 —1)(k -1 ha 
` (Um n, Vna, jr "HERE ET Eun) ae en ) T AR, ) 


n=1 


R'(k') = 


(4) 
where Cy, = Ug n-En, Dren = Vp nE, and Eg, = 
Wp ner with Urn, Vg. 5, Wrn 20, and o, are real- 
valued for all n. 

Step 3 Since the sum of truth amplitude term, indeter- 
minate amplitude term, and falsity amplitude term (in the 
case when they are crisp numbers, not sets) is not neces- 
sarily equal to 1, the normalization is not required and we 
can keep them un-normalized. But if the normalization is 
needed, we can normalize the amplitude terms of S, (K') 
and R’(k’), respectively, as follows: 


U Uy n V Vy n 
In Uy n ES Vien T Wr n i ln Uy n + Vr n ES Wr n | 

lia Wy n bs Ung 
ln Ur n 2s Vien T Wr n R'n UR'n E Vni n E Wm n 
de Vr n = Wr n 

V 3 W = 


i —————— , M 
Rn Ung n + Vn' n J Wm n R'n Ung n E Vni n + WR n 


Step 4 Calculate the similarity/distances between the 
signals R'(K') and the signals S» (K') as follows. 





max (sup|Ur — Una 
xEX 


1 
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dcns (Sp (k), R'(k’)) — max 


N 





Step 5 In order to identify Sy as R', compare 1 — 
dcws(Sy, R'(K')) to a threshold 6, where 1< V< L’ 

If 1 — dens (Sj(K), R'(K)) exceeds the threshold, iden- 
tify Sy as R'. 
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The similarity between two signals can be measured by 
this method. By this method, we can find the right signals 
which have not only uncertain but also indeterminate, 
inconsistent, false because when the signals are received by 
a digital receiver, there is a chance for the right signals, 
chance for the indeterminate signals, and the chance that 
the signals are not the right one. Thus, by using a complex 
neutrosophic set, we can find the correct reference signals 
by taking all the chances, while the complex fuzzy set and 
complex intuitionistic fuzzy set cannot find the correct 
reference signals if we take all the chances because they 
are not able to deal with the chance of indeterminacy. 

This method can be effectively used for any application 
in signal analysis in which the chance of indeterminacy is 
important. 


6 Drawbacks of the current methods 


The complex fuzzy sets [23] are used to represents the infor- 
mation with uncertainty and periodicity simultaneously. The 
novelty of complex fuzzy sets appears in the phase term with 
membership term (amplitude term). The main problem with 
complex fuzzy set is that it can only handle the problems of 
uncertainty with periodicity in the form of amplitude term 
(real-valued membership function) which handle uncertainty 
and an additional term called phase term to represent peri- 
odicity, but the complex fuzzy set cannot deal with inconsis- 
tent, incomplete, indeterminate, false etc. information which 
appears in a periodic manner in our real life. For example, in 
quantum mechanics, a wave particle such as an electron can be 
in two different positions at the same time. Thus, the complex 
fuzzy set is not able to deal with this phenomenon. 

Complex intuitionistic fuzzy set [1] represents the infor- 
mation involving two or more answers of type: yes, no, I do not 
know, I am not sure, and so on, which is happening repeatedly 
over a period of time. CIFS can represent the information on 
people’s decision which happens periodically. In CIFS, the 


(2n(n — 1)(K' — 1) + opp) 
N 








, sup| Wr n v Wm n 
xEX 





) 


novelty also appears in the phase term but for both membership 
and non-membership functions in some inherent concepts in 
contrast to CFS which is only characterized by a membership 
function. The complex fuzzy set [23] has only one additional 
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phase term, but in CIFS [1], we have two additional phase 
terms. This confers more range values to represent the uncer- 
tainty and periodicity semantics simultaneously, and to define 
the values of belongingness and non-belongingness for any 
object in these complex-valued functions. The failure of the 
CIFS appears in the inconsistent, incomplete, indeterminate 
information which happening repeatedly. 

The current research (complex fuzzy set) cannot solve this 
problem because the complex fuzzy set is not able to deal with 
indeterminate, incomplete, and inconsistent date which is in 
periodicity. The weaknesses of complex fuzzy set are that it 
deals only with uncertainty, but indeterminacy and falsity are 
far away from the scope of complex fuzzy sets. Similarly, the 
complex intuitionistic fuzzy set cannot handle the inconsis- 
tent, indeterminate, incomplete data in periodicity simulta- 
neously. Thus, both the approaches are unable to deal with 
inconsistent, indeterminate, and incomplete data of periodic 
nature. For example, both the methods fail to deal with the 
information which is true and false at the same time or neither 
true nor false at the same time. 

Itis a fundamental fact that some information has not only a 
certain degree of truth, but also a falsity degree as well as 
indeterminacy degree that are independent from each other. 
This indeterminacy exits both in a subjective and an objective 
sense in a periodic nature. What should we do if we have the 
following situation? For instance [16], a 20? temperature 
means a cool day in summer and a warm day in winter. But if 
we assume this situation as in the following manner, a 20° 
temperature means cool day in summer and a warm day in 
winter but neither cool nor warm day in spring. The question is 
that why we ignore this situation? How we can handle it? Why 
the current methods fail to handle it? We cannot ignore this 
kind of situation of daily life. This phenomenon indicates that 
information is not only of semantic uncertainty and period- 
icity but also of semantic indeterminacy and periodicity. 


7 Discussion 


In the Table 1, we showed comparison of different current 
approaches to complex neutrosophic sets. In the Table 1, 
from 1, we mean that the corresponding method can handle 
the uncertain, false, indeterminate, uncertainty with period- 
icity, falsity with periodicity, and indeterminacy with peri- 
odicity, while from 0, we mean the corresponding method 
fails. It is clear from the Table 1 that how complex neutro- 
sophic sets are dominant over all the current methods. 

Consider two voting process for some attribute p. In the 
first voting process, 0.4 voters say “yes,” 0.3 say “no,” and 
0.3 are undecided. Similarly, in second voting process, 0.5 
voters say “yes,” 0.3 say “no” and 0.2 are undecided for the 
same attribute p. These two voting processes held on two 
different dates. 


We now apply all these mentioned methods in the 
table one by one to show that which method is suitable to 
describe the situation of above mentioned voting process 
best and what is the failure of the rest of the methods. It is 
clear that the fuzzy set cannot handle this situation because it 
only represents the membership 0.4 voters while it fails to tell 
about the non-membership 0.3 and indeterminate member- 
ship 0.3 simultaneously in first voting process. Similar is the 
situation in second voting process. Now when we apply 
intuitionistic fuzzy set to both the voting process, it tells us 
only about the membership 0.4 and non-membership 0.3 in 
first voting process, but cannot tell anything about the 0.3 
undecided voters in first process. Thus, intuitionistic fuzzy 
set also fails to handle this situation. We now apply neutro- 
sophic set. The neutrosophic set tells about the membership 
0.4 voters, non-membership 0.3 voters, and indeterminate 
membership or undecided 0.3 voters in the first round, and 
similarly, it tells about the second round but neutrosophic set 
cannot describe both the voting process simultaneously. By 
applying complex fuzzy set to both the voting process, if we 
set that the amplitude term represents the membership 0.4 in 
first voting process and the phase term represents 0.5 voters 
in second process which form complex-valued membership 
function to represent in both the voting process for an attri- 
bute p. But complex fuzzy set remains unsuccessful to 
describe the non-membership and indeterminacy in both the 
process. The complex intuitionistic fuzzy set only handle 
complex-valued membership and complex-valued non- 
membership in both the process by setting 0.4 and 0.3 as 
amplitude membership and amplitude non-membership in 
process one and setting 0.5 and 0.3 as phase terms in second 
process. But clearly it fails to identify the indeterminacy 
(undecidedness) in both the voting process. Finally, by 
applying the complex neutrosophic set to both the voting 
process by considering the votes in process one as amplitude 
terms of membership, non-membership and indeterminate 
membership, and setting the second process vote as phase 
terms of membership, non-membership, and indeterminacy. 
Therefore, the amplitude term of membership in first process 
and the phase term in second process forms complex-valued 
truth membership function. Similarly, the amplitude term of 
non-membership in process one and the phase term of non- 
membership in second process form complex-valued falsity 
membership function. Also, the amplitude term of unde- 
cidedness in first process and the phase term of indetermi- 
nacy in second process form the complex-valued 
indeterminate membership function. Thus, both the voting 
process forms a complex neutrosophic set as whole which is 
shown below: 
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== Complex Neutrosophic sets A 
given universe of discourse 
Complex unit interval 
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unit interval 
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universe of discourse Real unit 
interval 


=f Intuitionistic Fuzzy sets A 
given universe of discourse 

A Real unit interval 

A 


AQ æ= Fuzzy sets A given universe of 
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Fig. 1 Dominancy of complex neutrosophic sets to all other current approaches 


Therefore, complex neutrosophic set represent both the 
situations in a single set simultaneously, whereas all the 
other mentioned methods in the table are not able to handle 
this situation as whole. 

The graphical representation in Fig. 1 shows the domi- 
nancy of the complex neutrosophic set to all other existing 
methods. The highest value indicates the ability of the 
approach to handle all type of uncertain, incomplete, 
inconsistent, imprecise information or data in our real-life 
problems. Each value on the left vertical line shows the 
value of the ability of the corresponding method on the 
horizontal line in the graph. 


8 Conclusion 


An extended form of complex fuzzy set and complex 
intuitionistic fuzzy set is presented in this paper, so-called 
complex neutrosophic set. Complex neutrosophic set can 
handle the redundant nature of uncertainty, incomplete- 
ness, indeterminacy, inconsistency, etc. A complex neu- 
trosophic set is defined by a complex-valued truth 
membership function, complex-valued indeterminate 
membership function, and a complex-valued falsehood 
membership function. Therefore, a complex-valued truth 
membership function is a combination of traditional truth 
membership function with the addition of an extra term. 
The traditional truth membership function is called truth 
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amplitude term, and the additional term is called phase 
term. Thus, in this way, the truth amplitude term represents 
uncertainty and the phase term represents periodicity in the 
uncertainty. Thus, a complex-valued truth membership 
function represents uncertainty with periodicity as a whole. 
Similarly, complex-valued indeterminate membership 
function represents indeterminacy with periodicity and 
complex-valued falsehood membership function represents 
falsıty with periodicity. Further, we presented an interpre- 
tation of complex neutrosophic set and also discussed some 
of the basic set theoretic properties such as complement, 
union, intersection, complex neutrosophic product, Carte- 
sian product in this paper. We also presented -equalities 
of complex neutrosophic set and then using these 0- 
equalities in the application of signal processing. Draw- 
backs of the current methods are discussed and a com- 
parison of all these methods to complex neutrosophic sets 
was presented in this paper. 

This paper is an introductory paper of complex neutro- 
sophic sets, and indeed, much research is still needed for 
the full comprehension of complex neutrosophic sets. The 
complex neutrosophic set presented in this paper is an 
entire general concept which is not limited to a specific 
application. 


Acknowledgments We are very thankful to Prof. Dr. Jie Lu of 
University of Technology Sydney, UTS Australia, for her valuable 
comments and suggestions. We are also very thankful to the reviewers 
for their comments and suggestions which improved this work. 


Neural Comput & Applic 


Appendix 


Comparison of complex neutrosophic sets to fuzzy sets, intu- 
itionistic fuzzy sets, neutrosophic sets, complex fuzzy sets, and 
complex intuitionistic fuzzy sets is listed below (Table 1). 


Table 1 Comparison of complex neutrosophic sets to the current approaches 


Uncertainty Falsity Indeterminacy Uncertainty 


Sets/logics Domain Co-domain 
Fuzzy sets A given Real unit l 0 
universe of interval 
discourse 
Intuitionistic A given Real unit I l 
fuzzy sets universe of interval 
discourse 
Neutrosophic sets A given Real unit 1 1 
universe of interval 
discourse 
Complex fuzzy A given Complex l 0 
sets universe of unit 
discourse interval 
Complex A given Complex l 1 
intuitionistic universe of unit 
fuzzy sets discourse interval 
Complex A given Complex l l 
neutrosophic universe of unit 
sets discourse interval 
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